In the past few years, the intuitionistic fuzzy calculus (IFC) has been proposed, which is based on some basic operational laws of intuitionistic fuzzy numbers (IFNs). The interval-valued intuitionistic fuzzy sets have received great attention of scholars since they can describe the characters of things comprehensively. However, so far, the interval-valued IFC is in the original stage. In this paper, we focus on investigating the simplified interval-valued intuitionistic fuzzy line integrals (SIVIFLIs). First, we construct the SIVIFLIs step by step, and then provide their concrete values. In order to further describe the characteristic of the SIVIFLIs, we discuss their basic properties, and particularly, we investigate a kind of the order in intuitionistic fuzzy circumstance in detail. Finally, we offer an application and address it by the proposed SIVIFLIs to demonstrate their effectiveness and practicability.
I. INTRODUCTION
To describe the vagueness and uncertainties of things, Zadeh [1] introduced the fuzzy set (FS) which is characterized by a membership function. With the development of fuzzy theory and modern information technology, scholars have proposed some generalizations of the FSs, such as Atanassov's intuitionistic fuzzy sets (A-IFSs) [2] , hesitant fuzzy sets [3] , dual hesitant fuzzy sets [4] , type-2 fuzzy sets [5] , hesitant fuzzy linguistic term sets [6] , intervalvalued intuitionistic fuzzy sets (IVIFSs) [7] , and so forth. As the famous generalizations of the FSs, the A-IFSs and IVIFSs simultaneously assign to each element a membership degree and a non-membership degree. Due to the prominent characteristic, they have received great attention of many researchers and been applied to many fields including group decision making [8] , [9] , aggregation operations [10] - [14] , preference relations [15] , [16] , entropy [17] , [18] , and so on.
Over the last two decades, some researchers have proposed intuitionistic fuzzy differential calculus [19] and constructed intuitionistic fuzzy integrals [20] - [22] from different perspectives. Nevertheless, for one hand, they have The associate editor coordinating the review of this manuscript and approving it for publication was Shun-Feng Su. not systematically constructed the whole calculus theory in the intuitionistic fuzzy circumstance, for the other hand, they overlooked some basic operational laws of the intuitionistic fuzzy numbers (IFNs) to some extent when they established the calculus theory. To address this issue, more recently, after investigating the basic operational laws of the IFNs in detail, Lei and Xu [23] put forward the limit theory and differential calculus which strictly obeys the basic operational laws of the IFNs. Later on, the limit theory and differential calculus have been improved and enhanced [24] , [25] , all of them are a foundation of the intuitionistic fuzzy calculus (IFC). Aggregation operation theory is an important topic of the intuitionistic fuzzy theory and applications, among aggregation operations, the intuitionistic fuzzy weighted averaging (IFWA) operator and intuitionistic fuzzy weighted geometric (IFWG) operator [12] are two widely used ones which also strictly obey the basic operational laws of the IFNs. Unfortunately, they present in the form of discreteness. Since the limit theory, the differential calculus and these kinds of aggregation operations are all based on the basic operational laws of the IFNs, it is possible to extend the aggregation operations to continuous forms. Based on this idea, the intuitionistic fuzzy definite integrals [26] have been constructed, and it has been proven that they are the continuous forms of the IFWA and IFWG operators [27] . The intuitionistic fuzzy definite integrals [26] describe the situation that the membership and non-membership functions are independent. In decision making, we frequently deal with the case that the membership and non-membership functions are related to each other. Hence, the intuitionistic fuzzy line definite integrals (IFLIs) [28] have been discussed. The difference between Ref. [27] and [28] is similar to that between line integral and double one in the classical calculus. Currently, the IFC [23] - [29] has been made a series of progresses and breakthroughs. Whereas the interval-valued IFC (IVIFC) is only in the initial stage: Zhao et al. [30] extended the limit theory and differential calculus to the interval-valued intuitionistic fuzzy circumstance. Later on, the chain and substitution rules [31] were investigated in the interval-valued intuitionistic fuzzy circumstance.
The IFLIs can address the intuitionistic fuzzy information when the membership and non-membership functions are related to each other. Nevertheless, in the process of decision making, it may not be easy to assign crisp assessments for the membership and non-membership degrees of an element to a given set, for example: due to the lack of knowledge or in a short time, an expert is very difficult to give a crisp assessment for a novel thing, which makes the generalization of the IFLIs be necessary. For the other hand, theoretically, as the interval-valued IFNs (IVIFNs) reduce to the IFNs, we can obtain some novel properties of the IFLIs by investigating the interval-valued IFLIs (IVIFLIs), which can fill in the theory blank of the IFLIs. Simultaneously, we can prove the properties of the IVIFLIs from different perspectives, which can also enhance and improve the IFLIs. In a word, they can promote each other. Practically, in the process of decision making, we frequently deal with the case that the membership and non-membership functions are related to each other. as mentioned above, an expert is very difficult to give a crisp assessment for a novel thing, and therefore, the two functions are in the forms of the IVIFNs now and again. In this case, we cannot seek an effective way to deal with it from the existing literature. However, the extension from exact numbers to interval values for the membership and non-membership functions of IFSs faces considerable challenges in working with IVIFSs [32] . From the IFLIs to the IVIFLIs, we also face a series of challenges: If we only imitate the process of the IFLIs, how to define the intuitionistic fuzzy integral curve (IFIC) for the IVIFLIs? How to offer simpler and different proofs as possible as we can? How to unify the forms of the addition and subtraction limits? Since the IVIFNs can be reduced to the IFNs, how to obtain some novel properties of the IFLIs by investigating the IVIFLIs? What relationships are between the traditional calculus and the novel IFC? In this paper, we will focus on solving these issues, which are also the main contributions of this paper.
To do that, the remainder of the paper is organized as follows: Section II presents preliminaries related to the IVIFC. Section III focuses on constructing the SIVIFLIs and providing their concrete values. We further describe the characteristic of the SIVIFLIs in Section IV. We address an application by the proposed SIVIFLIs to demonstrate their effectiveness and practicability in Section V. Some concluding remarks are listed in Section VI.
II. PRELIMINARIES
As described in Introduction, Atanassov and Gargov [7] generalized the IFS [2] to the IVIFS, an IVIFSÃ on X is an object in the formÃ : X = x, µÃ (x) , νÃ (x) |x ∈ X , where µÃ (x) and νÃ (x) are two intervals in [0, 1] satisfying the condition sup µÃ (x)+sup νÃ (x) ≤ 1. Later on, Wei and Zhao [9] called the pair µÃ (x) , νÃ (x) an interval-valued intuitionistic fuzzy number (IVIFN). Obviously, if sup µÃ (x) = inf µÃ (x) and sup νÃ (x) = inf νÃ (x) for any x ∈ X , then the IVIFN is reduced to the IFN.
After giving the notion of the IVIFNs, the primary task is to give their basic operational laws, such as the addition, multiplication, scalar-multiplication, power, subtraction and division operational laws [12] , [30] , which can be listed below:
Definition 1 [12] , [30] :
In the IFC, the concepts for four kinds of limits, which are based on four types of regions, are the foundation of the IFC. Correspondingly, in the IVIFC, for a given IVIFNα 0 , its four kinds of regions should be defined, letĨ be a collection of all VOLUME 7, 2019 IVIFNs, on the basis of Definition 1, its four kinds of regions A ♦ α 0 can be defined as {α 0 ♦β|β ∈Ĩ , ♦ ∈ {⊕, ⊗, , }} [30] . Based on which, four kinds of limits can be obtained. For brevity, here we only list the concept of the addition limit: Definition 2 ( [30] ): Let {α n } be an addition sequence ofα 0 , that is,α n ∈ A ⊕ α 0 for all but finitely many n. If for a giveñ ε = ([aε, bε] , [cε, dε]) > L (0, 1), there exists a positive integer N , such thatα n α 0 < Lε for n > N , thenα 0 is called the addition limit of {α n } and we write lim
As we know, in the traditional calculus, if we change, omit or add finitely many terms for a sequence, then the convergence or divergence of the new sequence does not change. Therefore, we can omit ''for all but finitely many n'' in Definition 2 for the convenience of discussion. Based on Definition 2, the continuous interval-valued intuitionistic fuzzy function (IVIFF) was introduced. For brevity, below we only offer the notion of addition continuous IVIFF.
Definition 3 [30] :
we have F(X ) F(X 0 ) < Lε forX X 0 < Lδ , then F(X ) is additive continuous atX 0 = ([µ 10 , µ 20 ] , [ν 10 , ν 20 ]), denoted by lim
Incidentally, Definition 3 indicates that both F(X ) F(X 0 ) andX X 0 are IVIFNs for any givenX ∈ S ⊕ (X 0 , F). In Definitions 2 and 3, Ĩ , ≤ L is a partially ordered set. Actually, in the IFC, there are its own partial orders based on two basic operational laws of the IFNs [26] : we define α β as α β ⇔ β = α ⊕ η for η = (0, 1), and α ⊗ β means that α ⊗ β ⇔ β = α η for η = (0, 1). On the base of the partial orders, an accumulation point of a set S [25] was introduced: Let (α, β) = {γ |α γ β} be an open interval, U (α 0 , δ) = (α 0 δ, α 0 ⊕ δ) is a neighborhood of α 0 , if each U (α 0 , δ) contains infinitely many points of a set S ⊂ I , where I is a collection of all IFNs, then α 0 is called an accumulation point of the set S.
As we know, in the traditional calculus, as for the line integral, the domain of the integrand is a smooth curve or a piecewise one. However, in the IFC, a smooth curve L : v = ϕ (µ) µ ∈ µ α , µ β is an IFIC, if and only if [28] , in short, if χ , γ ∈ L then χ γ or γ χ , which leads to that χ γ (as χ γ ) or γ χ (as γ χ ) is meaningful. On the basis of the IFIC, the IFLI was introduced:
Definition 4 [28] : Let (µ, ν) = (f (µ, ν) , g (µ, ν)) be defined along an IFIC L, we subdivide the curve L into n arcs L i (i = 1, 2, · · · , n) randomly, and then, we take arbitrary points ξ i ∈ [λ i , λ i+1 ] in each of the arcs L i (i = 1, 2, · · · , n). If we refine the curve L infinitely, let d be the biggest arc length of L i (i = 1, 2, · · · , n).
then we say that (µ, ν) is intuitionistic fuzzy additive Riemann-integrable along the curve L, and denoted it by L (f (µ, ν) , g (µ, ν)) dδ. Simultaneously, we call it the additive IFLI of (f (µ, ν) , g (µ, ν)) along the curve L.
Furthermore, using the result that lim
dν are the line integrals in the classical calculus. Particularly, an additive IFLI is also an IFN.
We end up this section with a comparison theorem for the additive IFLI:
Theorem 5 [28] : Let 1 (µ, ν) = (f 1 (µ, ν) , g 1 (µ, ν)) and 2 (µ, ν) = (f 2 (µ, ν) , g 2 (µ, ν)) be additive integrable along L : v = ϕ (µ) µ ∈ µ α , µ β , and if 1 (µ, ν) ≥ 2 (µ, ν), where the notation ≥ means that α ≥ β ⇔ µ α ≥ µ β and ν α ≤ ν β , then L (f 1 (µ, ν) , g 1 (µ, ν)) dδ ≥ L (f 2 (µ, ν) , g 2 (µ, ν)) dδ.
III. SIVIFLIs AND THEIR VALUES
In this section, we will construct the SIVIFLIs step by step, and then, give their concrete values. For the convenience of representation, we discuss them from two aspects: the additive SIVIFLI and multiplicative SIVIFLI.
A. ADDITIVE SIVIFLI
To begin with, let us investigate Definition 3 again: in Definition 3, we note that F(X ) = ([f 1 (µ 1 , µ 2 , ν 1 , ν 2 ), f 2 (µ 1 , µ 2 , ν 1 , ν 2 )], [g 1 (µ 1 , µ 2 , ν 1 , ν 2 ), g 2 (µ 1 , µ 2 , ν 1 , ν 2 )]), which make both F(X ) and its domain be a bit complicated, and thus, it might be well worthwhile to simplify the definition. Simultaneously, in modern mathematics, the set is a basic tool. Based on the above analysis, we offer the following definition:
, [g 1 (µ, ν), g 2 (µ, ν)]) be an IVIFF, and X 0 be an accumulation point of D. If for any given 0 < ε ≤ 1, then there exists an IVIFN δ (0, 1), such that F (X ) Ã
the deleted neighborhood of X 0 , is (0, 1) |X X 0 | δ, then we say thatF(X ) converges to the IVIFNÃ (or has the limitÃ) as X tends to X 0 , which is denoted by lim
Incidentally, the symbol | · | [24] can be extended to the interval-valued intuitionistic fuzzy circumstance, that is, ifα ∈ A α 0 , then |α α 0 | =α α 0 andα α 0 , and |α α 0 | = α 0 α holds forα ∈ A ⊕ α 0 , in this case,α 0 α. By introducing the symbol | · |, we have unified the forms of the addition and subtraction limits. Since the notion of the continuity is based on the concept of limit, below we give the concept of the continuity in the interval-valued intuitionistic fuzzy circumstance.
be an IVIFF, and X 0 ∈ D (X 0 can be an accumulation point of D, or be an isolated point of D). If for any given 0 < ε ≤ 1, there exists
, then we say that the IVIFF F(X ) is continuous at X 0 in D. Without causing confusion, we also call thatF(X ) is continuous at X 0 . We say that
In what follows, we construct the first types of the simplified IVIFLI step by step, we fist suppose thatF(X ) is
, and its domain is an IFIC L, that is to say, (µ, ν) ∈ L.
Step 1: Partition the IFIC L into n arcs L i (i = 1, 2, · · · , n) by inserting n−1 subdivision points λ i (i = 1, 2, · · · , n−1), where λ i satisfy λ 1 λ 2 · · · λ n−1 for i = 1, 2, · · · , n − 1. It is convenient to denote the points α and β by λ 0 and λ n respectively, by this method, we can use the set P = {λ 0 , λ 1 , λ 2 , · · · , λ n } to designate this partition, and we can also express the i th arcs L i as λ i−1 λ i . Figure 1 intuitively shows a partition of the IFIC L. Step 2: Select a point
In what follows, we calculate the productF
For the sake of brevity, let λ i+1 λ i be δ i , then the above formula can be expressed as
We can obtain that the sum is equal
Step 4: Take the limit of
given partition P = {λ 0 , λ 1 , λ 2 , · · · , λ n }, we can obtain a new partition P by adding more subdivision points to the given partition, that is, P ⊃ P. Such a partition P is said to be finer than P. If we refine the IFIC L infinitely, and let d be the biggest arc length of λ i−1 λ i (i = 1, 2, · · · , n), as d approaches to zero, then we take the limit of
If the limit of n ⊕ i=1 µ ξ i , ν ξ i ⊗ δ i exists, then we say thatF(X ) along L is integrable, and we denote the simplified additive IVIFLI ofF(X ) along L as LF (X ) dδ.
If we further investigate the above-mentioned steps, we can see that it makes sense to define the IVIFFF(X ) as the simplified form ([f 1 
In this case, the IFIC L, which is also a plane curve, is very clear because of (µ, ν) ∈ L. If we define the IVIFF F(X ) as the form
, due to the fact that all the four functions are of four variables, then how to define the IFIC L in the interval-valued intuitionistic fuzzy circumstance?
For the convenience of discussion, we conclude the above four steps as a definition:
be defined along an IFIC L, if we randomly partition the IFIC L into n arcs λ i−1 λ i (i = 1, 2, · · · , n), and arbitrarily select points ξ i in each of the arcs λ i−1 λ i , and if the limit of
n), and δ i = λ i+1 λ i , then we say that F(X ) along the curve L is additive integrable. Simultaneously, the simplified additive IVIFLI ofF(X ) along the curve L is denoted by LF (X ) dδ.
After we construct the simplified additive IVIFLI, it is natural to ask what is the concrete value of LF (X ) dδ, the following theorem reveal the desirable answer:
along the curve L is additive integrable, then the additive SIVIFLI is an IVIFN, and
dν for i = 1, 2 are the line integrals in the classical calculus.
Proof: From Definition 1 we can easily see that the results are all IVIFNs for the basic operational laws. Due to the fact that the additive SIVIFLI is based on them, we can draw a conclusion that the additive SIVIFLI is also an IVIFN. In what follows, we endeavor to prove the latter result in this theorem:
From the aforementioned four steps, we know that
Note that d → 0 implies n → ∞, using the property of logarithmic function, we can give the above formula another form:
in view of the result that lim
where each x i → 0 as n → ∞ [28] , Formula (2) can be transformed into:
Next, we shall investigate the relationships between
, then the latter series can be rewritten as lim
as n → ∞ and µ ξ i ≥ µ i , then we have that for a given ε > 0, there exists a positive integer N , such that
In the same way, we can deal with the other three terms of Formula (3), and thus, Formula (3) can be rewritten as:
From the definition of the line integral in the traditional calculus, Formula (4) implies
which completes the proof.
In the traditional calculus, the path of integration can be generalized to a piecewise smooth curve. Correspondingly, we can extend it in the IVIFC:
is additive integrable, and L is a piecewise IFIC, which consists of m IFICs L i (i = 1, 2, . . . m), thenF(X ) is additive integrable along L, then the additive SIVIFLI is an IVIFN, and
Here we do not prepare to prove it since we can use Definition 8 to obtain this result immediately, we will interpret it from a different perspective. In Ref. [28] , the authors pointed out that any IFN can be expressed as α =
and thus, it follows from Formula (5) that
From the additive property with respect to the path of integration in the traditional calculus, Formula (6) can be rewritten as:
Hence, the result LF (X ) dδ = m ⊕ i=1 L iF (X ) dδ is appropriate, which is also consistent with Formula (1). It is well known that in the traditional calculus the definite integral is a particular case of the line integral. Naturally, in the IFC, can we draw a similar conclusion? As shown in Fig. 2 , let us discuss different paths from α to β:
If (µ, ν) ∈ αγ 1 β , then the four line integrals in Formula (1) are still line integrals; if the path is αγ 2 β , obviously, it is an IFIC. However, in the segment αγ 2 , µ and ν are not independent since they satisfy a line equation. Seemingly, the paths αγ 3 β and αγ 4 β are two perfect ones, µ and ν are independent each other, if we observe the right-side of Formula (1), in such a case, the four line integrals are now definite integrals. Nevertheless, the paths αγ 3 β and αγ 4 β are not IFICs: if λ i+1 and λ i are in the segment αγ 4 or γ 3 β,
In short, in the IFC, the definite integrals are not particular cases of the line integrals.
From the above analysis, we can see that the system of the IFC is considerably different from that of the traditional calculus, we cannot take it for granted that the corresponding result holds in the IFC if the result is valid in the classical calculus [25] . Sometimes, although their forms seem to be very analogical, the essences are considerably different, and the system of the IFC is more complicated than that of the traditional calculus.
B. MULTIPLICATIVE SIVIFLI
In Section III.A, we discuss the additive SIVIFLI. Note that in Ref. [34] , the authors have revealed the relationship between the additive integral and the multiplicative one: isomorphic. when two spaces are isomorphic, if we investigate one space clearly, we shall not discuss the other in detail. And therefore, we directly give some concepts and theorems for the multiplicative SIVIFLI ofF(X ) = ([f 1 (µ, ν), f 2 (µ, ν)] , [g 1 (µ, ν), g 2 (µ, ν)]) along a multiplicative IFIC L ⊗ in this subsection.
Definition 11: LetF(X ) =F(µ, ν) : D → ([f 1 (µ, ν), f 2 (µ, ν)] , [g 1 (µ, ν), g 2 (µ, ν)]) be an IVIFF, and X 0 be a multiplicative accumulation point of D. If for any given 0 < ε ≤ 1, there exists an IVIFN δ ⊗ (1, 0), such 0) , then we say thatF(X ) converges to the IVIFNÃ (or has the limitÃ) as X tends to X 0 , which can be denoted by lim
Incidentally, the symbol · [24] can be extended to the interval-valued intuitionistic fuzzy circumstance, that is, ifα ∈ A ⊗ α 0 , then α α 0 =α α 0 andα ⊗α 0 , and α α 0 =α 0 α holds forα ∈ A α 0 , in this case,α 0 ⊗α . Definition 12: LetF(X ) =F(µ, ν) : D → ([f 1 (µ, ν), f 2 (µ, ν)] , [g 1 (µ, ν), g 2 (µ, ν)]) be an IVIFF, and X 0 ∈ D (X 0 can be a multiplicative accumulation point of D, or be a multiplicative isolated point of D). If for any given 0 < ε ≤ 1, there exists an IVIFN δ ⊗ (1, 0), such that F (X ) F (X 0 ) ⊗ (1 − ε, ε) holds for X ∈ D ∩ U ⊗ (X 0 , δ), then we say that the IVIFFF(X ) is multiplicative continuous at X 0 in D. Without causing confusion, we also call that F(X ) is continuous at X 0 . Particularly, we say thatF(X ) is multiplicative continuous on D ifF(X ) is multiplicative continuous at each point X ∈ D.
Definition 13: LetF(X ) = ([f 1 (µ, ν), f 2 (µ, ν)] , [g 1 (µ, ν), g 2 (µ, ν)]) be defined along a multiplicative IFIC L ⊗ , if we randomly partition the IFIC L ⊗ into n arcs λ i−1 λ i (i = 1, 2, · · · , n), and arbitrarily select points ξ i in each of the arcs λ i−1 λ i (i = 1, 2, · · · , n), and if the limit of
λ i , then we say thatF(X ) along the curve L ⊗ is multiplicative integrable. Simultaneously, the multiplicative SIVIFLI ofF(X ) along the curve L ⊗ is denoted by the symbol L⊗F (X ) dδ.
Theorem 14: If the IVIFFF(X ) = ([f 1 (µ, ν), f 2 (µ, ν)], [g 1 (µ, ν), g 2 (µ, ν)]) along the multiplicative curve L is multiplicative integrable, then the multiplicative SIVIFLI is an IVIFN, and Theorem 15: If the IVIFFF(X ) = ([f 1 (µ, ν), f 2 (µ, ν)], [g 1 (µ, ν), g 2 (µ, ν)]) along the multiplicative IFIC L i (i = 1, 2, · · ·, m) is additive integrable, and L is a piecewise multiplicative IFIC, which consists of m multiplicative IFICs L i (i = 1, 2, · · · , m), thenF(X ) is multiplicative integrable along L, then the multiplicative SIVIFLI is an IVIFN, and
IV. BASIC PROPERTIES OF THE SIVIFLIs
Similar to the traditional calculus, after scholars gave the notion of line integral, it is inevitable to discuss its basic properties, which can make readers be understood line integral in depth. For the same reason, we further describe the characteristics of the SIVIFLIs in this section, and give some simple proofs for them as possible as we can. We will describe the characteristics of the additive SIVIFLI in detail, and summarize those of the multiplicative SIVIFLI as a theorem.
A. BASIC PROPERTIES OF THE ADDITIVE SIVIFLI
As we know, in the traditional calculus, the linearity is a significant characteristic of the line integral. Therefore, we begin this subsection with the linearity, and first discuss a property of linearity with respect to the integrand:
Theorem 16: If the IVIFFsF i (X ) = ([f 1i (µ, ν), f 2i (µ, ν)] , [g 1i (µ, ν), g 2i (µ, ν)]) (i = 1, 2, · · · , n) along the curve L are additive integrable, and if
is an IVIFF, then it is also additive integrable along the curve L. Moreover,
Proof: Let us first investigate the left side of Formula (7), In view of Theorem 9, we can get
Using Formula (5), we can rewrite Formula (8) as:
It is obvious from Theorem 9 that the right side of the above equation can be regarded as the integral of
which completes the proof. As aforementioned, the system of the IFC is more complicated than that of the traditional calculus, and their essences are considerably different. We cannot take it for granted that the corresponding result holds in the IFC if the result is valid in the classical calculus. Motivated by the result in the traditional calculus, we can easily obtain the result that Theorem 16 shows that the result is invalid. In what follows, before discussing another form of linearity we offer a lemma:
Lemma 17: Let α = (1 − exp{a}, exp{b}) with b ≤ a ≤ 0 be an IFN, and if λ > 0, then λα = (1 − exp{λa}, exp{λb}). Proof: First, let us investigate the left side of Formula (9). By Definition 1, we can get
it follows from Theorem 9 that
Next, let us investigate the right side of Formula (9) . In the light of Lemma 17 and Theorem 9, we get λ LF (X )dδ =
Combining Formulas (10) and (11), we have Formula (9), which completes the proof. Theorems 13 and 15 are related to two kinds of linearity, we can unify them into a theorem:
is an IVIFF, where 0 < λ i < 1 for i = 1, 2, · · · , n, then it is also additive integrable along the curve L. Moreover, the following equation holds:
Proof: In view of Lemma 17 and Theorem 9, we can obtain
And thus, we can conclude by Theorems 6 and 15 that
which completes the proof. As described in Section 2, the IFN is a peculiar form of the IVIFN, and thus, from Theorem 19 we can obtain its counterpart:
Corollary 20: If the IFFs F i (X ) = (f i (µ, ν), g i (µ, ν)) (i = 1, 2, · · · , n) along the curve L are additive integrable, and if
is an IFF, where 0 < λ i < 1 for i = 1, 2, · · · , n, then the IFF ν) ) is also additive integrable along the curve L. Moreover, we have
As is known to all, in the classical calculus, the line integral can be transformed into the definite integral. Similarly, the additive IFLI can be expressed by two definite integrals, the next three theorems show that the additive SIVIFLI can be presented in the form of four definite integrals:
µ ∈ µ α , µ β , f i (µ, ν) and g i (µ, ν) for i = 1, 2 are continuous on L except possibly at finitely many points, then LF (X ) dδ =
If we compare Theorem 21 with Theorem 9, then we only need to prove the four equations: L
By the hypothesis that f i (µ, ν) and g i (µ, ν) for i = 1, 2 are continuous on L except possibly at finitely many points, according to the traditional calculus, the four equations hold.
Here we do not prepare to offer the process in detail for the sake of brevity. In Ref. [28] , the authors did not consider the case that the curve L may be µ = ϕ (ν) ν ∈ ν β , ν α , as shown in Fig.1 , in this case, ϕ (ν) < 0 ν ∈ ν β , ν α . Correspondingly, the following property is valid:
Theorem 22: If the IVIFFF(X ) = ([f 1 (µ, ν), f 2 (µ, ν)], [g 1 (µ, ν), g 2 (µ, ν)]) along the curve L is additive integrable, where L : µ = ϕ(ν) (ν ∈ [ν β , ν α ]), f i (µ, ν) and g i (µ, ν) for i = 1, 2 are continuous on L except possibly at finitely many points, then
As aforementioned, the IFN is a peculiar form of the IVIFN. Therefore, the corresponding result is:
Corollary 23: If the IVIFFF(X ) = ([f 1 (µ, ν), f 2 (µ, ν)] , [g 1 (µ, ν), g 2 (µ, ν)]) along the curve L : µ = ϕ (ν) ν ∈ ν β , ν α is additive integrable, f (µ, ν) and g (µ, ν) are continuous on the curve L except possibly at finitely many points, then
Analogous to the traditional calculus, when L is expressed by a parameter equation, we can obtain the following theorem:
, f i (µ, ν) and g i (µ, ν) for i = 1, 2 are continuous on L except possibly at finitely many points, then
In Ref. [30] , the authors introduced the order ≤ L :
Note that the monotonicity of the line integral in the traditional calculus, on the basis of the order ≤ L , we can obtain the monotonicity of the simplified additive IVIFLI: Theorem 25: If the IVIFFsF 1 (X ) andF 2 (X ) are additive integrable along L, andF 1 (X ) ≥F 2 (X ), then LF 1 (X ) dδ ≥ LF 2 (X ) dδ.
However, we notice that the order ≤ L is not based on the basic operational laws, it will be perfect if we can replace the order ≤ L with the order in Theorem 4.7, the latter is based on the basic operational laws. Actually, if we provẽ F 1 (X ) F 2 (X ) ⇒ LF 1 (X ) dδ LF 2 (X ) dδ, then the key step is to prove the following result: Letα,β andγ be three IVIFNs, ifα β andγ = (0, 1) , (1, 0) thenα ⊗γ β ⊗γ . Correspondingly, whenα,β andγ are reduced to three IFNs, the result is that if α β and γ = (0, 1) , (1, 0) then
In what follows, we investigate whether α ⊗ γ β ⊗ γ holds or not when α β and γ = (0, 1). It can be seen from Fig. 3 that if α β, then ν β ≤ ν α 1−µ α 1 − µ β . Since α ⊗ γ = µ α µ γ , 1 − (1 − ν α ) 1 − ν γ and β ⊗ γ = µ β µ γ , 1 − 1 − ν β 1 − ν γ , and if α ⊗ γ β ⊗ γ holds, then β ⊗ γ ∈ S in Fig.4 , in this case, we have 1 − And thus, we obtain
Note that ν γ < 1 − µ γ , we can see that if the following formula holds, then Formula (12) always holds
From ν β ≤ ν α 1−µ α 1 − µ β we can deduce that ν α − ν β > µ β ν α − µ α ν β , and thus, if the following formula holds, then Formula (13) will always hold:
Formula (14) gives
Obviously, we can see from Fig.4 that Formula (15) holds, which means that α ⊗ γ β ⊗ γ always holds. Fig. 5 visually shows the process of the proof. Obviously, we can also get that α⊗γ β ⊗γ holds for α β. From the above proof we can see that we cannot easily obtain the result that α ⊗ γ β ⊗ γ holds for α β and γ = (0, 1), which seem to be very obvious if we consider the case in the real number set that a × c < b × c for a < b and c > 0. However, as aforementioned, they are considerably different in essence. If we imitate the process in the real number set, then we can easily give the following proof: since α β then we have β = α ⊕ η, and thus,
On the basis of the above discussion, we can easily obtain the following theorem, which improves the comparison theorem for the additive IFLI (Theorem 5 in Section 2):
Theorem 26: If 1 (µ, ν) = (f 1 (µ, ν) , g 1 (µ, ν)) and 2 (µ, ν) = (f 2 (µ, ν) , g 2 (µ, ν)) are additive integrable along L, and 1 (µ, ν) 2 (µ, ν), then L (f 1 (µ, ν) , g 1 (µ, ν)) dδ L (f 2 (µ, ν) , g 2 (µ, ν)) dδ Corollary 27: If the IVIFFsF 1 (X ) andF 2 (X ) are additive integrable along L, andF 1 (X ) F 2 (X ), then LF 1 (X ) dδ LF 2 (X ) dδ.
From the above discussion, we can see that the linearity of the additive SIVIFLI is more complicated than that of the traditional calculus. Fundamentally speaking, their basic operational laws are different. We have offered some simple proofs as possible as we can. For example, we transform the IVIFNs, then the linearity become clearer and the proofs can be simplified. Moreover, we have obtained some properties which did not emerge in Ref. [28] . From the above discussion, we can also see that the intuitionistic fuzzy operational laws have many advantages [29] , if we sufficiently take advantage of the existing operational laws, then we can effectively avoid some tedious computations.
B. BASIC PROPERTIES OF THE MULTIPLICATIVE SIVIFLI
In this subsection, the results are the parallel ones of Subsection 4.1, for the sake of brevity, here we only list a theorem below: (µ, ν) , g 2i (µ, ν)]) (i = 1, 2, · · · , n) andF(X ) = ([f 1 (µ, ν), f 2 (µ, ν)] , [g 1 (µ, ν), g 2 (µ, ν)]) are IVIFFs, then the following statements are valid:
(a) IfF i (X ) (i = 1, 2, · · · , n) are multiplicative integrable along L, and
is an IVIFF, then it is also multiplicative integrable along L, and we get
is an IVIFF, where 0 < λ i < 1 for i = 1, 2, · · · , n, then
is also multiplicative integrable along L, and
(d) IfF(X ) is multiplicative integrable along L : µ = ϕ (ν) ν ∈ ν α , ν β , f i (µ, ν) and g i (µ, ν) for i = 1, 2 are continuous on L except possibly at finitely many points, then
(e) IfF(X ) is multiplicative integrable along L :
are continuous on L except possibly at finitely many points, then
(f) If the IVIFFF 1 (X ) andF 2 (X ) are multiplicative integrable along L, andF 1 (X ) ≥F 2 (X ), then L⊗F 1 (X ) dδ ≥ L⊗F 2 (X ) dδ.
(g) If the IVIFFF 1 (X ) andF 2 (X ) are multiplicative integrable along L, andF 1 (X ) F 2 (X ), then L⊗F 1 (X ) dδ L⊗F 2 (X ) dδ.
V. AN APPLICATION OF THE SIVIFLIs
In this section, we offer an application and address it by the proposed SIVIFLIs to demonstrate their effectiveness and practicability.
As mentioned in Introduction, the researchers have constructed some kinds of intuitionistic fuzzy integrals which are the generalizations of the intuitionistic fuzzy aggregation operators, the former can deal with continuous data and the latter only can address discrete data. In the process of decision making, we frequently deal with the case that the membership and non-membership functions are related to each other. For example: when we judge a group of people with the height of 1.75 meters whether or not they are fat, we can assign our assessments according to their weights, and express them in the form of some IFNs. Obviously, both the membership function and non-membership function are obtained by their weights w, that is, µ = µ (w) and ν = ν (w). If we regard w as a parameter, then we have ν = ν (µ) or µ = µ (ν). From the perspective of psychology, people have conformity behavior: when a situation is uncertain and vagueness, the most people's behaviors have tremendous influencing on the decision result. If a person is consistent with the most people's behavior, he/she can be easily accepted by his/ her group members. When the most people oppose a novel thing, then the people who support it at first will be inclined to oppose it. In other words, the membership and non-membership functions can be influenced by each other, it is hard for an opponent to be free from the influence of the supporters, so are the supporters. In the process of decision making, when an expert assigns his/her assessment to (0.15, 0.75), it is natural to ask why the assessment is not (0.16, 0.73). Actually, when we obtain a group of experts' assessments, we can use the technique of data fitting to find the relationship among these assessments. Simultaneously, by this method we can also eliminate the errors of these assessments to some extent. Furthermore, the IFLIs can address such a case successfully. However, due to the lack of knowledge or the pressure of short time, an expert is very difficult to assign a crisp value to a thing, especially for a novel one. In this situation, it is reasonable to express his/her assessment as an IVIFN. Correspondingly, in such a case it is appropriate to apply the SIVIFLIs to get the result in decision making.
Example: Suppose that a man wants to buy a house in a city. For a given price, he cannot decide to buy or not. He asks his friends and relatives to assign their assessments according to the price, and then the assessments (µ i , v i ), (i = 1, 2, · · · , 10) are given: (0.13, 0.76), (0.26, 0.56), (0.10, 0.81), (0.70, 0.13), (0.54, 0.24), (0.75, 0.10), (0.45, 0.33), (0.39, 0.40), (0.49, 0.29), (0.65, 0.16). Since both the membership function and the non-membership function are obtained by the price, then they are related. We can use the technique of data fitting to reveal their inner relationship, which can be shown in Fig.6 . Nevertheless, as a rational decision maker, he thinks that it is reasonable to express these assessments as IVIFNs so as to avoid arbitrariness. For example, for a given price, why the assessment is (0.26, 0.56), rather than (0.27, 0.58).
Thus, it is appropriate to express the assessments as IVIFNs, which can fill the shortness. Fig.6 also indicates that the other assessments of his friends and relatives for a given prices, and therefore, we replace the IVIFNs with the IVIFF F(X ) = ([f 1 (µ, ν), f 2 (µ, ν)] , [g 1 (µ, ν), g 2 (µ, ν)]), since the difference of these assessments for his friends and relatives is big, we are inclined to oppose to buy the house. Thus, we take f 1 
. Using Theorem 10, we can obtain the aggregated value of these assessments as ([0.4550, 0.4806] , [0.2663, 0.2770]).
From the result of the membership function being [0.4550, 0.4806] close to 0.5, we can see that the buyer is hesitant, which is in consistent with the fact: the difference of these assessments for his friends and relatives is big. Hence, the result is reasonable.
Let us apply the IFWA operators [12] IFWA(α 1 , α 2 , · · · ,
ν ω i α i to solve the above example (where ω = (ω 1 , ω 2 , · · · , ω m ) T is the weight vector of α i (i = 1, 2, · · · , m), which satisfies ω i ≥ 0 (i = 1, 2, · · · , m) and
If ω i = 0.1(i = 1, 2, · · · , 10), then the aggregation result is (0.4897, 0.3033);
If ω 1 = 0.05, ω 2 = 0.15, ω 3 = 0.04, ω 4 = 0.07, ω 5 = 0.16, ω 6 = 0.13, ω 7 = 0.06, ω 8 = 0.13, ω 9 = 0.14, ω 10 = 0.07, then the aggregation result is (0.5046, 0.2817). Obviously, if we use the IFWA operators to obtain the aggregation result, then the result is related to the weight of each IFN. However, the proposed method does not need the weight of each IFN. In real life, sometimes it is necessary to avoid the weights of the decision makers. For this example, if the buyer assigns his friends and relatives to ten weights, maybe, the contradiction arises: my weight is 0.05, but his weight is 0.25, why? Of course, we can use the IFLIs to address this problem. However, as mentioned above, the difference of these assessments for his friends and relatives is big, and thus, it is reasonable to use the IVIFLIs to address this issue. Furthermore, when we use the proposed aggregation method, ([f 1 (µ, ν), f 2 (µ, ν)] , [g 1 (µ, ν), g 2 (µ, ν)]) is an IVIFF, which can make us apply it widely and conveniently. For example, Atanassov [33] proposed the operators D α (A) and F α, β (A), that is, let α ∈ [0, 1] be a fixed number. Given an IFS A, D α (A) is defined as { x, µ A (x) + απ A (x), ν A (x) + (1 − α)π A (x) |x ∈ E}, if α, β ∈ [0, 1] and α + β ≤ 1, then F α, β (A) = { x, µ A (x) + απ A (x),ν A (x) + βπ A (x) |x ∈ E}. Of course, we can easily extend them to the interval-valued intuitionistic fuzzy circumstance, and then obtain the corresponding aggregation operators. However, if α, β ∈ [0, 1], then it means that the hesitancy functions of D α (A) and F α, β (A) decreases compared to { x, µ A (x) , ν A (x) | x ∈ E}. Obviously, sometimes it does not match the reality: with the development of knowledge for a thing, a rational expert may be more hesitant. Nevertheless, the proposed aggregation method does not encounter this issue, we can take f 1 (µ, ν) = µ − 0.1 × (1 − µ − ν) and f 2 (µ, ν) = µ + 0.1 × (1 − µ − v). In other words, the proposed method is pervasive and elastic.
VI. CONCLUDING REMARKS
In this paper, by introducing two symbols we have unified the forms of the addition and subtraction limits, and those of the multiplicative and division. We have constructed the SIVIFLIs via simplification of the IVIFFs, and given their concrete values. In particular, when revealing the concrete value of the additive SIVIFLI, we have simplified the proof by using the relationship of two series. Compared the IFDIs to the IFLIs, they are different in essence, which is different from the traditional calculus. And then, we have further described the characteristic of the SIVIFLIs in detail. As we know, it is inevitable that when we discuss a property of the IVIFLIs, the proof is analogical to that of the corresponding property of the IFLIs since they have inherent connections. Even so, we have offered some simple proofs from different perspectives: when we discuss the linearity with respect to the integrand, by transforming the IVIFNs, the proofs of linearity and the theorems can be clearer, which also avoid some tedious computations. From this paper we also can see that the traditional calculus, the IFC and IVIFC are considerably different since their basic operational laws are different in essence. Thus, we cannot take it for granted that the corresponding result should hold in the IFC or IVIFC if the result is valid in the classical calculus, the partial order in Section IV is a case. Nevertheless, when we express the SIVIFLIs in the form of definite integrals, it will be convenient if we moderately use the knowledge of the traditional calculus. In a word, they are not opposite. Here we also emphasize that when the IVIFFs are reduced to the IFFs, the SIVIFLIs become the IFLIs. In other words, we can obtain some novel properties of the IFLIs by investigating the IVIFLIs, Section IV indicates that the IVIFLIs are not the counterpart of the IFLIs, and they can promote each other. Finally, in order to demonstrate the effectiveness and practicability of the proposed IVIFLIs, we have offered an application for the proposed SIVIFLIs, from the numerical results, we also can see that our results are pervasive and elastic. However, the application is only in the first stage, in the future, we will use the proposed methods to solve some practical application. More recently, a series of generalizations of FSs [35] - [37] have been proposed. Particularly, scholars have given preliminary research on q-rung orthopair fuzzy calculus [38] , so far, there is no research on multiplicative q-rung orthopair fuzzy definite integral, not to mention its interval-valued form. For the other hand, q-rung orthopair fuzzy Sugeno integral and Choquet integral will be active and interesting topics.
